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Limits

Limits are one of the easiest Calculus problems to do (at least to
this point)! You have only 2 types. They are:

Chapter 2 Section 1
1.) The limit of a function as its variable goes to a specific
number. In this case, you have 3 steps to follow.

a. Put the specific number into the expression to see if you
get an answer. If you get a specific answer such as 4,
then you are done and you have the answer. If you get
something that is undefined, positive inﬁnity, or
negative infinity; you must try step b. -

b. At this point, you must try to factor the expressmn
(both numerator and denommator) If you are lucky, it
will factot and you can then substitute the value into the
new expression and get your answer. If it does not
factor easily, you must try long division on the problem
to find the factors. Once this is done, you can substitute
the vlue into the expression and get your answer.

c. If both of these fail, you must try the right and left
handed limit to see if they converge at a given value. If
they converge at the same value, then that is the limit.
If not, then the limit Does Not Exist (DNE)!

Chapter 2 Section 2

2.) The limit of a function as its variable goes to infinity. In
this case you will simply divide the numerator and the denominator
by the variable with the highest exponent in the denominator.
Once you have done this correctly, use the definition that Lim(1/X)
= () as X goes to infinity. This should give you the answer.
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Derivatives, Integrals, and Properties

Of Inverse Trigonometric Functions and Hyperbolic Functions

(On this handout, a represents & constant, w and & represent variable quantities)

Derivatives of Inverse Trigoncmetric Functions

Identities for Hyperbolic Functions

d sinTtu =
dz -
d wl
s =
d

e t -1 ==
T ten™ U

4 cacly =
dx -
d

—sec™tuy =
d$ se

d

= eot—t o
25 ot

P du
V1 —u?de
-1 du
Vi—uZdz
1
14-u? dz
-1 du
fu|vu? — 1dz
L du
lujvu? — 1dz
-1 du
1+u?dr

(|ut <1)

(lu] < 1)

(lut > 1)

(lul > 1)

sinh 22

cosh 2z
cosh?® 2
sinb®
cosh? & —
tanh® @

coth® z

= 2ginhxzcoshz
= cosh®z + sinh®

cosh2x + 1
2

cosh2x — 1
2

il

sinh’z =1
= 1~ sech’z

1+ csch’z

Integrals Involving Inverse Trigonometric Functions

1
N
1
a? +u?

du =

1
——— )
]u\/uzmcﬂ v

sin™* (%) +C
nimtan‘l (%) +C  (Valid for all u)

é—sec“l 1%‘ +C  {Valid for v* > o?)

Derivatives of Hyperbolic Functions

(Valid for v* < a?)

The Six Basic Hyperbolic Functions

sinhe =

coshr =

tanhax =

csche =

sechx ==

cothz =

e —e™®
2
e®4e™"
2
gsinhy e*—e™®
coshz e®+4e™®
1
sinhax e® —e™ ¥
1 o
coshz e®4em?®
coshgy €°+e™™
gsinhgy &% -—~e™¥®

&dg sinh u

-d
— coshu

dx

i tanhu

dr
mu’tmi“_ cothu

dx

T sechu

d
p cschu

du
hye—
coshu o

. du
= ginhu -

i

du
] 2 —_—
=  gech Iz

du
——— 2 wm——
esch®u I

fl

= - gechu tanh ud—u
dx

= — cschu coth u%
dx

Inverse Hyperbolic Identities

sech™

csch™

1z = sinh™! (l)
x

coth™

ly = ecosh™? (l>
T
x = tanh™! (-1->
T




Tntegrals of Hyperbolic Functions Integrals Involving Inverse Hyperbolic Functions
1 )
i - — = sinh"'{=)+C >0
fsmhu du = coshu+ C f m du B ({1) + (a )
1 . —1 f U
/coshu du = sinhu+C /m du = cosh (E) +C (u>a>0)
2 Ztanh™ (B 4 C (i ? < a?)
f sech?u du = tanhu+C ~tanh™ (- (ifv’<a
1
f a? —u? du - 1 -1 (U 2> a?
[ csch?®u du = —cothu+C p coth (E) +C  (ifv®>a)
o= leat (Bt 0<u<
/ sechutanhudy = - sechu+C Yy U e seC (E) + 0<u<a)
1 1 _1|u
/ cschucothudu = — cschu+C [um du a esch lal'{"c
il Expressing Inverse Hyperbolic
Derivatives of Inverse Hyperbolic Functions Functions As Natural Logarithms ="
Gy = 1 du sinh™*z = In(z+ V2?2 +1 (Foo < T < oo}.
e sinh™ " u = T ) ‘ _
‘ .. :".““"—1 = 1 2 v>1) .
iodsh"”lu _ 1 du (> 1) cosh™ n{z + vz? - 1) (z=1) .
dx Vu? —1ldx
L . - L RS 1.1+ :
- d 1 1 du tanh 'z = =-ln (lz} < 1),
il T e 27 = £
o tenh ™ w s (Jul < 1) o z _
. . | R SR R IS ‘
° cach~ty e et . (u#0) sech™'z = In (—i*}-———:f——) {0<z 1)
dz lulv1 + u? do x
d _ -1 du 1 v1+2z?
—sech ™y = ——p < “r = -
7y Sech e D<u<l) csch x in (a: 4 ] ) (x5 0)
d ~1 1 du -1 1 x4+ 1
— it memee— e = = >1
p coth™ u T (ul > 1) coth™ z 5 In o (jx| > 1)

Alternate Form For Integrals Involving
Inverse Hyperbolic Functions

1
fmdu = ln(u+vu2:t:a2}+0
1 1 a+u
Jamm = ghfiire

2 2
f L o ~%ln(a+\/a ﬂ:u)+c
U

a? & u? lul
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Applications of Max/Min Problems - 1

Procedure:
1.) Assign symbols and write down what is known.

2) Write a "primary" equation for the quantity to be maximized or
minimized.

3.) Reduce the "primary" equation to an equation having only one
independent variable.  Often other "secondary" equations are
useful. -

4) Find the max or min by differentiating.

5) Check to determine if a max or min was found. (Use second
der. test or first der. chart if second der. test fails).

6.) Check to make sure you answered the question.
Problems:

1) What are the dimensions of the rectangle with the largest
area and perimeter of 16 cm.

2) Fred has 100 meters of fencing and wishes to fence in his
yard, However, his yard borders a river and needs no fencing on
this side. What should be the dimensions of his fenced in yard so
that he will have the largest rectangular area possible?

3) We wish to make an open box out of a square piece of
cardboard measuring 12 inches on a side. To do this, we cut out
equal squares from the four corners and bend up the four resuiting
flaps. What size squares should be cut out if we wish the volume
of the resulting box to be as large as possible?

4) Find the positive number for which the sum of its reciprocal
and four times its square is the smallest possible.

5) Find the dimensions of the tin can which will have a volume of
16pi cubic centimeters, and be made of the least amount of
material.
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Examnle #2: We are given heat sources at points A

| and B, 8 units apart, with the source at
A twice as strong as that at B. If the heat received
at a point is inversely proportional to the square of
the distance from the heat source and directly pro-
portional to the strength of that source, at what pomt
on the line segment joining A to B Wﬂl the heat re-
ceived be a minimum?

| B

- o
H .= 2k H=k
12 Lo (8r)?

ST T gy T I SOSS T

dr (8-1r) 1 dez (8-t rt

0= 2k - 4k
(8_,1.)3 3

P =2
@1y

r(1 +2113) = 8(2') => r= 8(2"3) = 10.07 =4.46 =>8-r= 3.54
142 2.26
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Example #3: An aquarium is to be 6ft. high and is to have a volume of

750 cu. ft. The base, ends, and back are to be made of

slate, but the front is to be made of a plate glass, which costs 1.5 times

as much as the slate per sq. ft. What dimensions should be chosen to

make the cost of raw materials a minimum?

w= 12.5 ft.

V=T7501t*
e V=6lw
J 750=61w
=> w== 750
W 61
. ! w= 125
Cost= 6w+6w+6I+(L.5)(O)+wl
= 12w+151+wl
Cost= 12(1251")+151+(1251)1
= 15001 -151+125
' dC= 1500 +15-
a "B
0=-1500 +15
12 et S
I*= 1500
15
1=10ft
d*C= 3000 >0 => min
dr 2
750= 6(10)(w) h= 6
k=10
w=1730 w=12.5'
60
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to bt efm ot the ‘op. &"' iv Yo be con ru.e.
m."'trs a.ml its volume is 3Gcub '2’- meTers.

width
1' g fank cocls €/0.00 per sgmre meter $or the base
00 per Square meter '?or the ssdes, whe? is the cos

bw“tss
| o’? "ﬂ\e le..a.s'*' e.xpe.nswe "'a.n

C= 10{uQ 4
R

= yo($)+ 108(F)+40R

C
c=¥e.q90+q0R
¢ . -3 L 4o cs qoﬁwoﬁ,&woﬁ\
%I jfr ez 4O+ 10N + 40 (3)
| c= lao+%0+/ao
c | +50




Exomple 7 A Sguw'e Sheet of +wnn [ inches
on a Sole is to be USed 0 make an open-top

box by Cutting G Small Sguare of Hiey From €alh
Corner and bending vp +he Sides. How large @

Square Should be cut from each corner 4o |
cake +the box have as large o volume as @oSS':bleg
| o |
T |
z}( i
I ) T
R et | |
Clac | el
1‘ .
b, i |
V;'Q'.wt}k dZV
V= (006-2X) (1-2X) ST = aux-1ag
= x (256~ LMy + Yy*
V=X ) ot X=2.667,

CNE Yoyt + abkX
dV/d>6 = lax®— (aB ¥ + 350
o = (bY-1b)(aX - 1)

Y- lo=0 ax-l=0
o 2x=1b

Yoot o) &

Z O = Max.




Example

A rectangle 1S 4o be inseribed 10 O
Sericicele of radius & Whak 13 +he

largest areas +he rectargle can have and
what ogre *s diensions.

Y

/’

A
(x,No=w)  XE4 y2s 2.
/ y%s 4-X
, oy s N u

X 2 ‘X

- Areast ax- gt

St dexivadtive Chard

+ 4 -

NZ

MoXiMum

Neear = 34X - NJH-¥*

I A L X%
°. 2X2.+ 2 2). a3 - U2
O =-2¥ -\'?"'2-’( - a\rg‘{é“
L{xz- :::? A 3 a
xe= 2 Aceowz Y i
y= V2 Length : A% Haght: a2 =42
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RELATED RATES
PAGE b5

Example #2: A conical icicle, whose height is always 12 times the
radius of its base, is being formed by the dripping of water. If the
volume is increasing at the rate of 1 cubic cm. per hour, at what
rate is the height increasing when the height is 8 cm. ?
FIND: &
GIVEN: T = 75-h

. V o ——%—TE r2 h

at a given instant: §=1: h =8

subs:V=L1r(-h)2h = V= guh?

1 3
av= dlap?h )
af
o T S N ki

‘ . Ohee 144
SUbS ar {3 14)(8}2(1)




RELATED RATES
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EXAMPLE #3: A dock stands 8 ft. above the deck of a boat. The
boat is being pulled into the dock by means of a rope attached to
the deck at the front of the boat. If 2 ft of rope is drawn in each
minute, at what rate is the boat moving toward the dock when the
boat is 15 ft. away?

GIVEN: x’=r- 8§ dr
At a given instant: g =2, x =15

FIND: &

dix2) .. d(r2-64)

dr . »,.0x
ZX“af “25"@:{“0

atx=15. 15°=r*-64
r* = 225 + 64
=289
r =17

2(15)9% = 2(17)(2)

sugs: X =3 =227 ft/min.



RELATED RATES

Sece Do/

Example #4: A person 1.8m tall is walking away from a
lamppost 5m high at a rate of 2 m/sec. At what rate is
the end of the person's shadow moving away from the

lamppost?

Given: & =2 m/sec.

Find: #4¢

From geometry you know that A ABC and A DEC are similar,

therefore B = 3%

This will give us an equation relating X and Y.

Therefore : 3= ¢

Solution:

X o ¥
5= 3

. 3.2y=5x

32% = ¥

S’ MKR
R =
o

—
o
gia i B

SR AR %2 52
I T L
W

y-X

125 m/sec.
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EXAMPLE #5: When a gas is compressed adiabatically (with no
gain or loss of heat) it satisfies the equation PV'"=k, where k is a
constant. At a given instant the pressure P is 40 atmospheres and
the volume V is 28 liters and is decreasing at a rate of 2 liters/min.
At what rate is the pressure changing?

GIVEN: PV'“=k, P=40 atm, V=28, g=-2limin.
FIND: ¢

PV'*=k ;
P14V + Vieg = 0

B S
VS TS APV

(28)"“P =(-1.4)(40)(28)"(-2)

106.175% = 424.7
d

0P 4247
gt T106.475

9 =4 atm/min.
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Example #7: A child riding in a car accidentally releases a
helium balloon that rises vertically at 60ft./sec. while the car
continues to travel at 80 ft./sec. on the straight road. How fast
are the car and balloon separately after 2 sec.; after t seconds.

halloon

= x>+ y% & =80, =60, Find ¢ at t=2
at t=2, x=160,y=120 => st 1602+120?
s=200
§%=x% + y?
288 = 2xd8 + 2y
S—§ + ydt
200 & = 160(30) +120160)
= 100 ft./sec.

After t seconds, x= 80t, g= 60t => s= 100t

100t & = 80t (80) + 60t (60)
&f = 100ft./sec.

We conclude that s is increasing at the constant rate of
100ft. /sec.
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