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Chapter 1 Sections 9 and 10

Limits are one of the easiest Calculus problems to do (at least to
this point)! You have only 2 types. They are:

Chapter 1 Section 9
1.) The limit of a function as its variable goes to a specific

number. In this case, you have 3 steps to follow.

a.

Put the specific number into the expression to see if you
get an answer. If you get a specific answer such as 4,
then you are done and you have the answer. If you get
something that is undefined, positive infinity, or
negative infinity; you must try step b.

At this point, you must try to factor the expression
(both numerator and denominator). If you are lucky, it
will factor and you can then substitute the value into the
new expression and get your answer. If it does not
factor easily, you must try long division on the problem
to find the factors. Once this is done, you can substitute
the vlue into the expression and get your answer.

If both of these fail, you must try the right and left

handed limit to see if they converge at a given value. r

they converge at the same value, then that is the limit.
If not, then the limit Does Not Exist (DNE)!

Chapter 1 Section 10

2.) The limit of a function as its variable goes to infinity. In
this case you will simply divide the numerator and the denominator
" by the variable with the highest exponent in the denominator. _
Once you have done this correctly, use the definition that Lim(1/X)
= ( as X goes to infinity. This should give you the answer.
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Procedure for solving Max/Min Problems

1. Read the problem.

2. Draw and label the necessary pictures.

3. Assign symbols and write down what is known.

4. Reduce the "Primary" equation to an equation having
only one independent variable. Often other "Secondary”

equations are useful.

5. Find the Max or Min by differentiating.

6. Check to determine if a max or min was found (use

second derivative test or first derivative chart if second
derivative test fails).

7. Check to make sure you answered the question.
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Example #2: We are given heat sources at points A

and B, 8 units apart, with the source at
A twice as strong as that at B. If the heat received
at a point is inversely proportional to the square of
the distance from the heat source and directly pro-
portional to the strength of that source, at what point
on the line segment joining A to B will the heat re-
ceived be a minimum?

A P B
° ® ®
| I ' 8r —
H,= 2k H=k
12 (8-ry?
H= k + 2k
(8-1)? 2
dr (8-r) 3 drz (81 r* |
0= 2k - 4k
@ r
P =2

@1y’

r(1 +21/3) = 8(218) => r= 8(21%) = 10.07 =4.46 =>8-r= 3.54
1+ 2.26
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’C°‘+ 6‘“*‘&* U + (t s\(oﬂ -mﬁl‘.: o



E%amp‘e **3 (Po;qq, 1)

A

) = ""-‘_{—39-1-)6'

T50= CXI0O X s

L AAA - 60

= 2.5 %%




Example #3: An aquarium is to be 6ft. high and is to have a volume of
750 cu. ft. The base, ends, and back are to be made of

slate, but the front is to be made of a plate glass, which costs 1.5 times

as much as the slate per sq. ft. What dimensions should be chosen to

make the cost of raw materials a minimum?

V=7501t*

\ V=6lw

6’ 750=6lw

=>w=150_

W 6l

w= 125
1
Cost= 6w+6w+61+(1.5)(6)l+wl
= 12w+151+wl

Cost= 12(1251")}+151+(1251*)1
= 150017+151+125

dC=-1500 +15
da P

0=-1500_ + 15

I>= 1500
15

1=10ft

d*C= 3000 >0 =>min
dI? P

750= 6(10)(w) h= 6'

I= 10’

w= 750 ' w=12.5'
60

w= 12.5 ft.
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R ik
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O=-a4yxr+§

A=-%A%+8u aqﬁfi
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"'o l)t. eren - ) 'Hw. ‘*'cp 'R:"" n "“o bl cnm pue,'t:

width 13 Y md’trs MJ TS Va'umc is 36@.«» ic maTers, I‘F

bmldm the tank cests €/0.00 per Square meter for the base
O'soo per Sjuere meter '?or the ssc!es, what is the ceost

e‘? ‘Hw. least expensive fank ¢

H V::: -D\
j V= 4R
=7 2 e4R R
A 2 =R > =4
C= 10(4Q)+ 5 (R0 +20+ 4 A +40)
: 4ol + ?oﬁ&*- 4o &
¢ = 4o(F)+ 108 (%)+40R
gz 32 _ 90+40
-3¢0 y .Q :om qoﬁ.
o -%r +40 c= '4,20 m} qng(:)l(;h- 40 (3)
"fr =90 C aqg Ho ao
5
=3
_2 = ?— =3
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on a Sole i o be used to mare an open-top
box by Cutting & Seall Square of +iy Fromn €aCh
Cornet ond ber\dihg vp +he SideS. Hous (arqe Q
Square Should be cut Fromn €ach Corner 4o

rake the box have as large o volume as 9088%!@?

| e |
— ‘ l
| {
r
— .__;,_.., A
lo=ax. | il
| - —
! |
1 !
. ; {
V=0 wWia 42y
vi= (0)(-2%) (16-2X) Sy = adx-iag
V= X (256~ Yy +Yy?2
= ( 3 > z ) at X=2.667,
V= HY 4 X + ablkX
Z O = Mox.

iy = 1ax® - [a8 ¥ + a5l

O = (by-1b)(ax -1b)
KX~ lb=0 ax-le=0
LX =1 2x=1b

X3 fzen) O



Example

A rectancjle 1S +o be iNScribed 1N OU
Sericicele of radius 4. Whak 1S Hhe

largest arear +he rectargle can have ond
What gre s dimensions.

(x, VT ) Xt +y%= 2,
/' y2'= Y-X
/ y = Ju-x*
< -2 -X o X 2 X

1St dexivative Chart

et T T MoXiMud
NZ

Aeear = QX - NY-¥*

2
0= —2x* 4 ;(L(-—)(i :a{ZS'm ~
O = -2x* 49— 2X - a3 -\@
yyt =9 = a-a
2:2 Aref’u: L’ \ST-[-:E__‘:\J'E—

Length @ QN3 He'lg\’ft-'




o ded

Example: You are to design a poster to contain 140 square cm of tatat-area.

It is to have margins of 7cm on the top and 4 ;@on each of the other sides.
CWhat over all dimensions will mé?i,pize {hi& piinied aré Cﬁfg"‘“ s
'TI T ._..4. i T
} )
| Printed
Area -
a
sl J40 cm [ W
3! z
e = = = i
(L-%) © LA
}—‘T{ *"T* jﬁfﬁ ﬂ
Primary equation: P=(w-11)(L-8) -
Secondary equation: A =Lw =140 A= ( ,Q;&[(B( st g/\
L=140/w _ ~ o .
P=(w-11)(140/w-8) ~( ey 52 {-@‘B
P=140 - 8w - 1540w"-1+ 88
P=228 - 8w - 1540w"-1 [=1doe8 Qe 1S, o
dp/ dw= -8 + 1540/ wA2 nres
0 = -8WA2/ W2 + 1540/ Wh2 A e
0 =-8wA2 + 1540 AT = T~ =y
wh2 = 192.5 O =g m—vix%%z
w=+13.9, -13.9 3 AL
d*2p/ dw2 = -3080/ w"3 FH = /5%
at 13.9, <0 = Max )
L% 1925~
L =140/ 13.9 -
L=10.1cm ﬂ' '3.%17 T,
w = 13.9cm = 10O e

— -

H‘f/\'fw"@(\ K /5[0 ?dm--«\. ;,/ &ﬁ/d BY? T,
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Example #2: A conical icicle, whose height is always 12 times the
radius of its base, is being formed by the dripping of water. If the
volume is mcreasmg at the rate of 1 cubic cm. per hour, at what
rate is the height increasing when the height is 8 cm. ?

FIND: 2

i
0 wla Jl-
= .
-?\3
-

GIVEN: T

- V

at a given instant: §'= 1: h

subs: V=17 (5 h)?h =>V= guh’
QY d(4—;~é%h3)

o dt
wwe 1 pae Sasww
dhm 144

subs: & = giayEr®

$=0.72 cm/hr.
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EXAMPLE #3: A dock stands 8 ft. above the deck of a boat. The
boat is being pulled into the dock by means of a rope attached to
the deck at the front of the boat. If 2 ft of rope is drawn in each
minute, at what rate is the boat moving toward the dock when the
boat is 15 ft. away?

GIVEN: x’=r*- 8*

At a given instant: %ﬁ% =2, x=15
FIND: &
dx2) = d(r2-64)

dr .. ~.0x
2)(*”&{" = 2F"at— -0

atx=15. 15°=r-64

* = 225 + 64 X
= 289

r=17

2(15)9% = 2(17)(2)

suBs: X =% = 227 ft/min.
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Example #4: A person 1.8m tall is walking away from a
lamppost 5m high at a rate of 2 m/sec. Atwhat rate is
the end of the person's shadow moving away from the
lamppost?

Given: % =2 m/sec.

Find: #4# |

From geometry you know that A ABC and /A DEC are similar,
therefore B¢ =42

This will give us an equation relating X and Y.

Therefore : = ¢

Solution:

X o ¥ )
3= 5 ~.

w
-
N
O
3
=
w
o
0
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EXAMPLE #5: When a gas is compressed adiabatically (with no
gain or loss of heat) it satisfies the equation PV'*=k, where k is a
constant. At a given instant the pressure P is 40 atmospheres and
the volume V is 28 liters and is decreasing at a rate of 2 liters/min,
At what rate is the pressure changing?

GIVEN: PV"=k, P=40 atm, V=28, $=-2//min.
FIND: %

PV'4=k ;
P(‘l 4)\/‘*@" +\m ° =

(28)”‘**’ -(-1 4)(40)(28) ‘-2)

106 175 = 424.7

QM.Z
dt ~106.175

% =4 atm/min.
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Example #7: A child riding in a car accidentally releases a
helium balloon that rises vertically at 60ft./sec. while the car
continues to travel at 80 ft./sec. on the straight road. How fast
are the car and balloon separately after 2 sec.; after t seconds.

bolloon

2 2 2 dx — dv — 3 ds -
$*= X" +y5, & = 80,5 --60,F1nddt at t=2

at t=2, x=160,y=120 => s2= 160%+120?
s=200
§2=x? + y?
258 = 2x 05 + 2y

ds — widx dy
Sdt - th + ydt

200 & = 160(80) +120(160) e

& =100 ft./sec.

After t seconds, x= 80t, g= 60t => s= 100t

100t & = 80t (80) + 60t (60)
g—tﬁ = 100ft./sec.

We conclude that s is increasing at the constant rate of
100ft./sec.
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e BROCK HAMULA
@ CALCULUS 6TH
| 5/10/88

A ROCKET 1S LAUNCHED INTO SPACE. THE ROCKET HAS A CONSTANT NET

. 2 :
ACCELERATION OF 90FT./SEC. FOR THE FIRST 20 SEC. ASSUME THE MASS

OF THE ROCKET IS 800 SLUGS.

A}
B.)
C.)
D.)
E.)

F.)

G.)

AL)

FIND ACCELERATION DUE TO THRUST

FIND THE FORCE ACTING ON THE ROCKET DUE TO GRAVITY

FIND THE FORCE OF THRUST ACTING ON THE ROCKET

FIND THE NET FORCE ACTING ON THE ROCKET

FIND THE EQUATION FOR VELOCITY WHEN t=20 SEC  V=2340 ft./sec

FIND AN EQUATION FOR DISTANCE WITH RESPECT TO 't' WHEN t=20:

ALTITUDE IS 35100 ft.

AT THAT POINT t=20 THE ROCKET ENGINES SHUT DOWN. WHAT WILL THE SHIPS
MAXIMUM ALTITUDE BE IN MILES?

#ACCELERATION DUE TO GRAVITY REMAINS CONSTANT

Agyay,= ~32ft/sec?

ACCELERATION DUE TO THRUST B.) FORCE DUE TO GRAVITY

A AetA, o Fgr My
90= A +(-32) \ F, = 800¢-32)
A =90+32 F, =|-25600 lbs}l
At =1122ft/5ec2}

C.) FORCE OF THRUST

Fo o= MAy
Ft = 800(122)
Ft = 97600 1b




D.)

E.)

E)(a.w\fb\e 3

NET FORCE
!.) FnﬂMAn 2.) Fn“Ft-l'Fg
F_ = 800(90) F_ = 97600 + (~25600)
‘W C .
F_ =|72000 1bs, F, =}72000 1ps
VELOCITY F.) DIS'.I)ANCE
%%‘90“""‘ = 90t + 540
= 90dt ?ds w_f90t + shofdt
2
fav = s0a = 45t2 + 540t + C
. 2.

- 90t + C 35100 = 45(20)% .+ 540(20) + C
2340 = 90(20) + C 35100 = 18000 + 10800 + C
¢ = 2340 - 1800 35100 = 28800 + C
C = 540 C = 6300

_ 2 '
v m@ S ={bs5t“ # 540t + 6300
G) S =5 + V.1t+ At?
Q O
. S.= 35100 ¢.23u0t + 2At2
Js 35100 + 2340t + 16%2
ds _ "
98 = 2340 - 32t
324 = 2340
t = 73.125 sec.
S = 35100 + 2350(73.125) - 16(73.125)7
206212.5 - B85556,25 ‘
120656.25 x 1 _mile
5380 ft.

22,85 MILESJ
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Two-Stage Rocket Problem

A space ship is launched into space. At the burnout of its second
stage, total time = 60 seconds, its V = 2010 ft/sec. Its distance (altitude)
is 62550. Assume constant acceleration through the second burn at 40 ft/sec,
also assume acceleration constant throughout the first stage at 20 ft/sec .
The first stage burn ended at t = 25 seconds. Assume that no time is lost
between the firing of stages.

a. find an equation for distance in terms of t for second stage

b. find an equation for distance in terms of t for first stage

c. at the end of the second burn, acceleration due to gravity
is equal to -22 ft.sec”, find mexgirmm altitude ship will reach in miles.

a. a= 40 b. a~= 20

dv/at = 40 dv/at = 20

Sdav =540 dt S:dv =$20dt
V = 40t + C vr=20t + C
(2010) = 40(35) + C (610) = 20(25) + C
C = 2010 - 1400 610 = 500 + C
C = 610 C= 610 - 500
W = 40t + 610} ¢ =110 "

v = 20t + 110]

ds/dt = 40t + 610 ‘

$ds =540,tdt +$610dt ds/dt = 20t + 110
§ = 20t” + 610t 4 C Sds uSEGEdi +§1104at
(62550) = 20{35)° + 610(35) + C -§ = 10t + 110t 3 C
62550 = 20(1225) + 21350 + C (16700) = 10(25)° + 110(25) + C
62550 + 24500 + 21350 + C 16700 = 10{625) + 2750 + C
C = 62550 - 45850 16700 = 6250 + 2750 + C
C = 16700 16700 = 9000 + C

s =20t + 610t + 16704 . ... ... .C = 16700 - 9000
S = kat” + Vot + 5, C = 7700

[s = 10t“ + 110t + 7700
L2
c. S =8+ V.t + kat 5

s = 63550 9 2010t + %(=22)t
[s = 62550 + 2010t - 11t” |
ds/dt = 2010 - 22t as/at’ = -22
22t = 2010 ~22 4 0 ¥ max.
t = 91.4
S = 62550 + 2010(91.4) - 11(91.4)°
S = 62550 + 18714 - 91893.56
S = 154370.44

154370.44 2T %ﬁ%%%%?’ ¥ 129.24 miles
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Chapter 5.3 - Volumes by Slicing

This section covers 2 methods of calculating volume:
1.) The Disk Method: Integrate from a to b of p1 times f{x) squared.
2.) The Washer Method: Integrate from ato b of pi times [f{x) squared - g(x)
~ squared]. :

Let function f be nonnegative and continuous on [a,b], and let R be the region bounded above
by the graph of f, below by the x-axis, and on the sides by the lines x=a and x=b. When this
region is revolved about the x-axis, it generates a solid having a circular cross section. Since
the cross section at x has a radius fx), the cross-sectional area is A(x) = pi [Ax)] squared.
Because the cross sections are circular (or disk shaped), this formula is called the Disk
Method. '

Problem: Find the volume of the solid obtained when the region under the curve y = xN(¥4)
over the interval [1,4] is revolved about the x-axis. Answer: 15pi/2

Now lets consider more general solids of revolution. For this we need 2 nonnegative
continuous functions such that g(x) <= f{(x) over [a,b], and R is the region enclosed between
the graphs of the functions and the lines x=a and x=b. When this region is revolved about the
x-axis, it generates a solid having annular or washer-shaped cross sections. Since the cross
section at x has an inner radius of g(x) and an outer radius of f(x), its area is A(x) =
pi([f(x)]squared - [g(x)Isquared).

Problem: Find the volume of the solid generated when the region between the graphs of fix) =
() + x”2 and g(x) = x over the interval [0,2] is revolved about the x-axis. Answer: 69p1/10

The rules for which one to use is simple, and why your book does not state this is beyond me.

“If the regions cross section is disk shaped (circular) then you will use the Disk Method: -~

Generally this is when the curve is bounded by either the x or y axis. If the regions cross
section is washer shaped (has a hole in the middle), you will use the Washer Method.
Generally this is when you are trying to find the volume between two curves, not bounded by
the x or y axis.

The analogs for regions revolved about the y-axis is that you must solve for x and noty, and
integrate with respect to y and not x. For example: Find the volume of the solid generated
when the region enclosed by y =x"(*2), y =2, and x=01s revolved about the y-axis. The
cross sections taken perpendicular to the y-axis are disks (or circular), therefore you must use
the Disk Method. But first you must rewrite the equation y = x"\%%) as x =y"2. Finish this
problem. Answer: 32pi/5

1 hope this clears up the slight confusion with these two. The real key is that you need to see
the graphs of the functions, so you can tell what type of cross section you are dealing with.
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